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Abstract
Let us consider the pure quartic fields of the form K = Q( 4
√
p) where
0 < p ≡ 7 (mod 16) is a prime integer. We prove that the 2-class group
of K has order 2. As a consequence of this, if the class number of K is
2, then the Hilbert class field of K is HK = K(
√
2). Finally, we find a
criterion to decide if an ideal of the ring of integers or K is principal or
non-principal.
1 Introduction
The main goal of this paper is to prove:
Theorem 1. Let K = Q( 4
√
p) with 0 < p ≡ 7 (mod 16) a prime integer. Then,
the class number hK ≡ 2 (mod 4). Equivalently, the 2-class group of K is iso-
morphic to Z/2Z.
The 2-class group of number fields has been widely studied, Gauss described
the 2-rank of the class group of a quadratic number field using the language of
binary quadratic forms. Since then, a lot of work has been done on this subject,
2010 Mathematics Subject Classification: 11R04, 11R16, 11R27, 11R29, 11R37.
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if the reader is interested in this subject, we suggest the next bibliography: [1],
[2], [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [18], [19], [20], [21], [22],
[24], [25], [26], [27].
An important result is the Ambiguous Class Number Formula that states




(K : F)(EF : EF ∩NK/F (K×))
where the product is over all primes (finite and infinite) and EF is the group of
units of the ring of integers of F (see [17] Theorem 11.14). If K/F is a quadratic
extension, Am(K/F) helps us to find the 2-rank of the ideal class group of K.
In particular, in [10], [11] the authors study families of number fields with given
2-class group. The purpose of this work is to show that the 2-class group of a
family of pure quartic fields has order 2.
Let p and K be as in Theorem 1, F = Q(
√
p) and HK the Hilbert class field
of K. We will denote OF, hF, ClF, Cl2 and UF the ring of integers, class number,
class group, 2-class group and group of units of an arbitrary number field F
respectively and if F is a quadratic number field UF is the fundamental unit of
F. Given an extension of number fields K/F, let NK/F (α) be the relative norm
respect to K/F of α ∈ K, NK/Q (α) the absolute norm of α ∈ K, NF/Q (A) the
absolute norm of A ∈ F. We will use the symbol 〈A1, . . . , An〉F to denote the
ideal of OF generated by A1, . . . , An ∈ OF and 〈α1, . . . , αn〉K the ideal of OK
generated by α1, . . . , αn ∈ OK. The symbol orda (b) = c means that ac is the
greatest power of a that divides b and ac||b denotes that orda (b) = c. We will
denote N0 = {0, 1, 2, . . .} the set of the natural numbers starting from 0.
To prove the Theorem 1 we will use the next facts about the Hilbert Class
Field of K. We know that ClK ∼= Cn1 × · · · × Cnk where Cn = Z/nZ and
ni = p
ei
i for some rational prime pi. If the 2-rank of ClK is r, then there is a
group H ⊆ ClK such that H ∼= Cr2 and r is the maximum integer that satisfies
this. Since ClK is isomorphic to the Galois group of HK/K, then there is another
group H1 ⊆ Gal(HK/K) such that H1 ∼= ClK/H . The Galois Group of the fixed
field HH1K is isomorphic to C
r
2 . So, r is the maximum integer such that there is
a non-ramified Galois extension over K with Galois group isomorphic to Cr2 .
2 Previous results
In this section we will state some results found in [3] and [4] that we will use in
the next sections.
Theorem 2. Let K = Q( 4
√
p) with a rational prime 0 < p ≡ 7 (mod 16),
L = K(
√







p3 ∈ OK and L 6= K. Then, 2
does not ramifies completely in L if and only if one of the following assertions
holds:




2. NK/Q (α) ≡ 4 (mod 8), a1 ≡ a3 (mod 8) are odd, a2 ≡ 2 (mod 4) and
a4 ≡ 0 (mod 4).
3. NK/Q (α) ≡ 4 (mod 8), a1 6≡ a3 (mod 4) odd, a1+a3 ≡ 0 (mod 8), a2 ≡ 0
(mod 4) and a4 ≡ 2 (mod 4).
4. N(α) odd, α 6∈ UK, a1 odd, a2 ≡ a4 (mod 4) even and a3 ≡ 0 (mod 4). If
a3 is odd and a1, a2, a4 are even we multiply α by
√
p to get a new α that
generates the same field L with a1 odd and a2, a3, a4 even.










Proposition 3. Let 0 < p ≡ 3 (mod 4) be a rational prime number and K =
Q( 4
√
p). The prime 2 ramifies completely in K.
Proof. See [3], Proposition 11.
Proposition 4. Let d ≡ 7 (mod 16) be a square-free integer, K = Q( 4
√
d) and
the ideal IK = 〈2, 1 + 4
√
d〉K. Then, IK is a non principal ideal.
Proof. See [3], Proposition 12.
We have that the ideal IK of the previous proposition is non principal, but
I2K is principal generated by L2, where L2 is such that 2 = L
2
2UF.





d), f(x) = x2+A1x+A0 ∈ OF[x], α ∈ C with f(α) = 0 and ∆f = A21−4A0.
Then α ∈ OK if and only if there is C ∈ OF such that ∆f = C2 or ∆f = C2
√
d.
In the first case α ∈ OF, in the second one α ∈ OK −OF.
Proof. See [3], Proposition 13.
Proposition 6. Let α > 0 be an element of OK−OF such that NK/Q (α) = B2
for some B ∈ OF and f(x) = Irr(α,OF) = x2 − Ax+ B2. There exists C ∈ OF
such that C2 = A± 2B for one of the signs if and only if √α ∈ OK.
Proof. See [3], Proposition 14.
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Theorem 7. Let 0 < p ≡ 7 (mod 16) be a rational prime number, F = Q(√p),
UF be the fundamental unit of F, and K = Q( 4
√
p). Then, the group of units of
OK has the form 〈−1, µ1, µ2〉, where NK/F (µ1) = 1 and |NK/F (µ2)| = UF.
Proof. See Theorem 18, [3].
3 Proof of Theorem 1
We will find the only non-ramified quadratic extension of K using Theorem 2.
First we will see what happens when no ideal IK ⊆ OK satisfies I2K = 〈α〉K.
Proposition 8. Let K = Q( 4
√
p) with p a positive rational prime and α ∈ OK
a square-free element in any of it’s factorizations. If p ⊆ OK is a prime ideal
such that ordp (〈α〉K) is odd, then p ramifies completely in L/K.
Proof. Consider qL = 〈p,
√
α〉L. Since ordp (〈α〉K) is odd, then there is t ∈ N
odd such that 〈p〉tK || 〈α〉K. The ideal 〈α〉L is a square since
√
α ∈ L, which
implies that any prime ideal that divides 〈α〉L must appear an even number
of times in the factorization of α. Since t is odd, q2tL || 〈α〉L and 〈p〉L = q2L.
Therefore, p ramifies completely in L/K.
As a consequence of the previous result, if 〈α〉K is not a square, then L/K is
a ramified extension. So, it remains to see what happens when 〈α〉K = I2K for
some ideal IK ⊆ OK. Remember that using Gauss Theorem on the 2-rank of
the class group of a quadratic field ([23], Theorem 3.70), if F = Q(
√
p) with a
rational prime p, then hF is odd.
Lemma 9. Let K = Q( 4
√
p) and F = Q(
√
p) with 0 < p ≡ 7 (mod 16) a rational
prime. If α ∈ K is such that 〈α〉K = I2K for some ideal IK ⊆ OK, then there is
an element β ∈ OK such that 〈β〉K = 〈α〉K and NK/F (β) = B2 for some B ∈ OF.
Proof. Since 〈α〉K = I2K, then NK/F (〈α〉K) = I2F, for some IF ⊆ OF. Also, there









. From the previous equality, NK/F (α) = B
2 U with U ∈ UF. We can
suppose that U = ±1 or U = ±UF. If U = ±UF, then NK/F (α/µ2) = ±B2,
where µ2 is the generator of UK with NK/F (µ2) = UF (see Theorem 7). Let
β = α or β = α/µ2 such that NK/F (β) = ±B2.
In OF, (a1 + a2√p)2 = a21 + p a22 + 2 a1 a2
√































NK/F (β) = (b1 + b3
√
p)2 −√p(b2 + b4√p)2
= (b21 + b
2
3 p− 2 p b2 b4) +
√
p(2 b1 b3 − b22 − p b24).
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fore NK/F (β) = B
2.
In the next theorem, assertion 7 is the important one, 1-6 are stated to give
a better understanding of the proof.
Proposition 10. Let K = Q( 4
√
p), F = Q(
√
p) with 0 < p ≡ 7 (mod 16) a
rational prime, A1 = a1+a3
√
p, A2 = a2+a4
√
p and α = A1+A2 4
√
p ∈ OK−OF
such that 〈α〉K = I2K, NK/F (α) = B2 and α satisfies one of the conditions 1, 2
or 3 of Theorem 2. Then the next assertions hold:
1. If B = b1 + b2
√
p, then b1, b2 have the same parity if 1 or 2 of Theorem 2
holds, and if assertion 3 holds, b1 is odd and b2 ≡ 0 (mod 4).
2. 〈L2〉2F || 〈A1 +B〉F+ 〈A1 −B〉F where L2 is as defined after Propoposition 4.
3. If 1 or 2 of Theorem 2 holds, 〈A1 +B〉F+ 〈A1 −B〉F = 〈L2〉F (〈A1〉F+ 〈B〉F).
If assertion 3 holds, 〈A1 +B〉F + 〈A1 −B〉F = 〈2〉F (〈A1〉F + 〈B〉F).
4. Let pF be a prime ideal of OF such that pF | 〈A1〉F and pF | 〈B〉F. If pF is
inert in K/F and pkF || 〈A1〉F + 〈B〉F, then k is even.
5. Let pF be a prime ideal of OF such that pF | 〈A1〉F and pF | 〈B〉F. If pF splits
in K/F and pkF || 〈A1〉F + 〈B〉F, then k is even.








2 for some t ∈ N0 and some ideal JF of








7. IK is principal.
Proof. Fitst observe that
B2 = (a1 + a3
√






3 p− 2 p a2 a4) +
√
p(2 a1 a3 − a22 − p a24) = b21 + p b22 + 2 b1 b2
√
p. (1)
If 1 or 2 of Theorem 2 holds, since a1, a3 are odd and a2, a4 are even, we have
(a21 + a
2
3 p− 2 p a2 a4) = b21 + p b22 ≡ 0 (mod 4),
then, b1, b2 must have the same parity. So, assertion 1 holds for these two




) ≡ 4 (mod 8), hence NF/Q (B) ≡ 2 (mod 4), therefore b1, b2 are odd.
If 1 of Theorem 2 holds, then a1 a3 ≡ 1 (mod 4), so:
2 a1 a3 − a22 − p a24 ≡ 2− 4− 0 ≡ 6 (mod 8),
this implies that b1 6≡ b2 (mod 4). If 2 of Theorem 2 holds, a1 a3 ≡ 3 (mod 4)
and
2 a1 a3 − a22 − p a24 ≡ 6− 0− 4 ≡ 2 (mod 8),
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therefore, b1 ≡ b2 (mod 4).
Now consider the case 3 of Theorem 2. We have a1 is odd and a3 ≡ 0
(mod 4). Also,






3 p− 2 p a2 a4) ≡ 1 + 0− 0 (mod 8),
and since p ≡ 7 (mod 8), then b1 is odd and b2 is even, more precisely, b2 ≡ 0
(mod 4).
Let f(x) = x2 − 2(a1 + a3√p)x+B2 ∈ OF[x]. Let us observe that f(α) = 0
and since α ∈ OK −OF, using Proposition 5 there is C ∈ OF such that
4A21 − 4B2 = 4 (A1 +B) (A1 −B) = C2
√
p, (2)
where A1 = a1 + a3
√
p and B = b1 + b2
√
p.
If 1 of Theorem 2 holds, a1 ≡ a3 (mod 4) and b1 6≡ b2 (mod 4), so a1+ b1 6≡
a3 + b2 (mod 4) and a1 − b1 6≡ a3 − b2 (mod 4). Then, if A1 +B = c1 + c2√p,














is odd and 2L2 ∤ A1 + B. In the same way 2 | A1 − B
but 2L2 ∤ A1 − B. In case 2 of Theorem 2, a1 6≡ a3 (mod 4) and b1 ≡ b2
(mod 4), so again a1 + b1 6≡ a3 + b2 (mod 4) and assertion 2 holds for this
case. If assertion 3 of Theorem 2 holds , we have two possibilities, if a1 ≡ b1
(mod 4), then A1 + B ≡ 2 + 0√p (mod 4) and A1 − B ≡ 0 + 0√p (mod 4).
On the other hand, if a1 6≡ b1 (mod 4), then A1 + B ≡ 0 + 0√p (mod 4) and
A1 − B ≡ 2 + 0√p (mod 4). Hence L22 || A1 ± B and L42 | A1 ∓ B where the
signs are chosen depending if a1 and b1 are equal or not modulo 4. Therefore
〈L2〉2F || 〈A1 +B〉F + 〈A1 −B〉F, concluding the proof of assertion 2.
To prove 3, we must observe that 2A1, 2B ∈ 〈A1 +B〉F + 〈A1 −B〉F and
A1 +B,A1 −B ∈ 〈A1〉F + 〈B〉F, so
2(〈A1〉F + 〈B〉) ⊆ 〈A1 +B〉F + 〈A1 −B〉F ⊆ 〈A1〉F + 〈B〉.
This shows that 〈A1 +B〉F + 〈A1 −B〉F = Lr2(〈A1〉F + 〈B〉) with 0 ≤ r ≤ 2.
In the first two cases of Theorem 2, since NF/Q (B) ≡ 2 (mod 4), then r >
0. Furthermore, a1 and a3 have the same parity, hence NF/Q (A1) is even, so





is odd, therefore r = 2.
Now, we are going to prove assertion 4. Since pF is inert, then pK = 〈pF〉K
is a prime ideal in OK. Let us suppose that pkF || 〈A1〉F + 〈B〉F and ptK || 〈α〉K.




F | B2 and p2kF | A21, then pkF | A2. Using
this, we have that pkK | 〈A1 + 4
√
pA2〉K = 〈α〉K and k ≤ t. On the other hand,
p2tK || NK/Q (α) = A21 −
√
pA22 = B
2 and ptK || 〈B〉K. Since the irreducible
polynomial of α in F[x] is f(x) = x2−2A1 x+B2, then p2tK | α2−2A1 α+B2 = 0.
Using this with p2tK | B2 and p2tK | α2, we have that p2tK | 2A1 α. As a consequence
of ptK || α and 〈2〉K + pK = OK, we have ptK | 〈A1〉K. Since pK = 〈pF〉K, then
6
t ≤ k, hence t = k. From the equality 〈α〉K = I2K, we know that t must be even,
therefore k is even.
To prove 5, let us suppose that pF splits, then 〈pF〉K = q1q2, with q1, q2
prime ideals of OK. Let us assume that q2t1 || 〈α〉K and q2r2 || 〈α〉K. Then
〈α〉K = q2t1 q2r2 JK for some JK such that 〈pF〉K + JK = OK. Since NK/F (q1) =
NK/F (q2) = pF, then








F || B2. Without lost of generality, suppose that r > t. Then
r = t+ s for some s ∈ N and
q4t1 || 〈α2〉K, q4t+2s1 || B2, q4t+4s2 || α2, q4t+2s2 || B2.
Using this in the equality α2 − 2A1 α + B2 = 0, we have that q4t1 | 2A1 α and
q4t+2s2 | 2A1 α. Since q2t1 || 〈α〉K and q2t+2s2 || 〈α〉K, then (q1q2)2t = 〈pF〉2tK |
〈A1〉K. We will show that 〈pF〉2tK || 〈A1〉K. Let us suppose that q2t+11 | 〈A1〉K.
Since q2t+11 | B, then q4t+21 | B2 = A21 −
√
pA22, which implies that q
2t+1
1 | A2.
From this it follows that q2t+11 | 〈α〉K, which is not possible. Therefore q2t1 ||
〈A1〉K. On the other hand, since A1 ∈ OF, then for each q1 that divides A1
there must exist q2 that divides A1, hence q
2t
2 || 〈A1〉K, therefore p2tF || 〈A1〉F.
Also, p2t+sF || 〈B〉F, so p2tF | 〈B〉F. Therefore, p2tF || 〈A1〉F + 〈B〉F, where k = 2t
as asserted in 5.
From 4 and 5, the only prime ideals that can appear an odd number of






and 〈L2〉F. Using the equality from assertion 3, we may
say the same about the ideal 〈A1 +B〉F + 〈A1 −B〉F. Using 2, we know that
〈L2〉2F || 〈A1 +B〉F + 〈A1 −B〉F. This proves assertion 6.


















If we use equation (2) as an ideal equality, then


























































where all the ideals in the previous equality are integral ideals. Using (3), the
ideals from the left side are relatively prime, so one of them must be a square
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In this way, if k is even, then 〈2A1 ± 2B〉F = J22, where J22 is the ideal of
the right side of the equality and if k is odd, then there exists J2 ⊆ OF such
that 〈2A1 ∓ 2B〉F = J22. In both cases,J22 is a principal ideal and, since the
class number of Q(
√
p) is odd, then J2 must be principal, say J2 = 〈D〉F. If
A = 2A1, then A ± 2B = D2 U for some U ∈ UK, where we can suppose that
U = ±1 or U = ±UF. If U = 1, using Proposition 6,
√
α ∈ OK. If U = −1,
we have NK/F (−α) = B2 and tK/F(−α) = −2A1 = −A, with −A∓ 2B = D2,
hence
√−α ∈ OK. If U = ±UF, then NK/F (αUF) = (B UF)2 and tK/F(αUF) =
2A1UF, so A1 UF+BUF = ±(DUF)2. Now we proceed as in the previous cases.
Therefore, there is µ ∈ UK such that √αµ ∈ OK and it generates IK.
The previous result requires that α 6∈ OF. If this is not the case, we can







1 6∈ OF. Observe that p ≡ 7 (mod 16) is needed since the
description of UK given in [3] depends on this property of p.
Corollary 11. Let K = Q( 4
√
p), F = Q(
√
p) with 0 < p ≡ 7 (mod 16) a rational







p3 ∈ OK−OF such that 〈α〉K = I2K,
α satisfies one of the assertions 1, 2 or 3 of Theorem 2 and L = K(
√
α) with
L 6= K. Then, L/K is a ramified extension or L = K(√µ) for some µ ∈ UK.
Finally, we will prove the main result.
Proof of Theorem 1. Let L = K(
√
α) for some α ∈ K such that L 6= K.
The previous corollary shows that if α is not a unit, then L/K is a ramified
extension. If α is a unit, all the extensions L/K are ramified except K(
√
UF).
Hence the 2-rank of ClK is 1.
Now we will prove that the order of the 2-class group is 2. Let p2 be the only
ideal of OK with NK/Q (p2) = 2 found in Proposition 3. Using Proposition 4 we
know that p2 is non-principal but p
2
2 = 〈L2〉K, so p2 is the only class of order 2
of Cl2. Let us suppose that there is an ideal IK ⊆ OK such that IK2 = p2. Since
p2 is it’s own inverse, we have IK
2
p2 = OF, hence I2K p2 is a principal ideal. We
can suppose that NK/Q (IK) is odd, because if it is even, p2 | IK, which implies,
IK = p2 JK. Then, I
2




K p2 = 〈L2〉KJ2K p2, so J2Kp2 is related with
I2Kp2 and NK/Q (JK) =
NK/Q (IK)
2
. If NK/Q (IK) is odd, then NK/Q (IK)
2 ≡ 1, 9
(mod 16), so NK/Q
(
I2K p2
) ≡ 2 (mod 16). As a consequence of this, there must
be an element in OK with norm ±2, which is not possible by Propositions 3 and
4. Then, there is no IK such that IK
2
= p2 and therefore Cl2 ∼= Z/2Z.
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In the next table we give the first rational positive prime numbers p ≡ 7
(mod 16) and the class number of K = Q( 4
√
p). This values where obtained
using the software SAGE [28].
p hK p hK p hK p hK
7 2 503 2 1063 2 1831 6
23 2 599 2 1223 42 1847 6
71 2 631 2 1303 6 1879 6
103 2 647 2 1319 2 2039 2
151 2 727 330 1367 6 2087 2
167 2 743 2 1399 2 2311 2
199 2 823 2 1447 2 2423 6
263 2 839 18 1511 2 2503 2
311 2 919 2 1543 154 2551 2
359 6 967 2 1559 2 2647 2
439 50 983 2 1607 6 2663 2
487 2 1031 2 1783 2 2711 6
Corollary 12. Let K = Q( 4
√
p) with 0 < p ≡ 7 (mod 16) a rational prime and
hK = 2. Then HK = K(
√
2).
Proof. The only non-ramified quadratic extension of K is K(
√
UF), then this is
the Hilbert class field. The assertion follows from the equality 2 = UFL
2
2.
4 Principal and non-principal ideals
In this section we will give a criterion to decide if an ideal of OK is principal or
not, in the spirit of Theoremn 18 of [1] and Theorem 4.4 of [2].
Theorem 13. Let K = Q( 4
√
p) with 0 < p ≡ 7 (mod 16) a rational prime




= 1. The order
of the class IK in ClK is odd if and only if NK/Q (IK) ≡ ±1 (mod 8).
Proof. We are going to construct an ideal IK with NK/Q (IK) ≡ 3 (mod 8) and
we will use it to prove the assertion. Let q be a rational prime such that q ≡ 3





= −1. We can
guarantee the existence of such a prime number using Dirichlet’s Theorem on
infinite primes in an arithmetic sequence, the Chinese Reminder Theorem and
the fact that half the numbers between 1 and p− 1 are non-quadratic residues
modulo p.



































= 1. In both cases, there
is c ∈ Z such that c4 ≡ p (mod q).
As a consequence of the fatorization x4−p ≡ (x−c)(x+c)(x2+c2) (mod q)
and Dedekind’s Theorem on the factorization of primes in monogenic number
fields ([5], Theorem 10.3.1), there are at least two ideals with norm q: I1 =
〈q, 4√p− c〉K, I2 = 〈q, 4√p+ c〉K. Let α ∈ OK, since
NK/Q (α) = a
4
1 − a42 p+ 4 a1 a22 a3 p− 2 a21 a23 p− 4 a21 a2 a4 p+ a43 p2
−4 a2 a23 a4 p2 + 2 a22 a24 p2 + 4 a1 a3 a24 p2 − a44 p3,
then NK/Q (α) must be a quartic power modulo p, this is NK/Q (α) ≡ ±1
(mod 8). Hence I1 is a non-principal ideal. If the order of I1 ∈ ClK is odd, say
k, then Ik1 is also a non-principal ideal, since NK/Q
(
Ik1
) ≡ 3 (mod 8), therefore,
the order of I1 ∈ ClK is odd and NK/Q (I1) ≡ 3 (mod 8).




= 1. If NK/Q (JK) ≡
±3 (mod 8), clearly, the order of JK ∈ ClK is even. Now, suppose that the
order of JK is even and NK/Q (JK) ≡ ±1 (mod 8). Since hK ≡ 2 (mod 4),
then the order of JK I1 is odd and NK/Q (JKI1) ≡ ±3 (mod 8), a contradiction.
Therefore, the order of JK ∈ ClK is odd.
Corollary 14. Let K = Q( 4
√
p) with 0 < p ≡ 7 (mod 16) a rational prime





is principal if and only if NK/Q (IK) ≡ ±1 (mod 8).
Example. Let K = Q( 4
√





2). The ideal 〈3〉K factors as:
〈3〉K = 〈2 +
√












= 9 ≡ 1 (mod 8).
The other two ideals are non-principal and
NK/Q
(











If a is an odd rational integer, then NK/Q (〈a〉K) = a4 ≡ 1 (mod 8), this is
in accordance with Theorem 13.
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